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Abstract— The application of adjoint methods for optimizing
the equilibrium point of a network of dynamical elements
involves two processes: a gradient estimation process and a
parameter update process. In order to guarantee convergence
it is necessary to balance the relative rates of these activities.
This work addresses the convergence of this procedure in the
discrete time case. We find sufficient conditions on the stepsize and initial network state that enable the application of a
standard result on approximate gradient descent.

I. I NTRODUCTION
Designing an algorithm for optimization in networks poses
several challenges from the distributed point of view, arising
from the locality constraints in a network. The procedure
should be local in space, meaning that communication happens along connections already present in the network, and
it should also be local in time, meaning at each step the
procedure only uses information about the present state of the
network. Here we are concerned with optimizing the fixedpoint in a network. This arises in a number of areas, including
neural networks. The problem is to optimize the (distributed)
parameters that determine an attractive fixed-point of the
system. Applying the adjoint method of sensitivity analysis
yields a procedure for this problem that can meet the criteria
above. It involves a gradient estimation process running
alongside the existing system. In this work we investigate
conditions that guarantee a type of convergence of this
algorithm.
The forward and adjoint sensitivity analysis procedures
are two common methods for calculating derivatives in
dynamic optimization problems. In particular, the adjoint
method has wide applications, ranging from PDE-constrained
optimization problems arising in aerospace engineering to
neural networks. Certain of these problems can be phrased
as optimizing the long-time behavior of a dynamical system.
That is, problems where the goal is to find the parameter
w that minimizes (at least locally) a cost function e on the
fixed-point x∗ (w) of a dynamical system x+ ← f (x, w)
that depends on parameter w. When forward or adjoint
∂
methods are used to calculate the derivatives ∂w
(e ◦ x∗ ) they
inherit the dynamical properties of the underlying system f ,
in the sense that just as the true objective value e(x∗ (w))
can only be attained asymptotically, e.g. by simulations, the
derivatives can also only be approximated, by iterating a
dynamical system derived from the dynamics f and objective
e. Although it has been noted that this leads to methods for

computing derivatives that have the same rate of convergence
as the underlying dynamical system, the various approximations involved make convergence analysis of the over all
optimization procedure more complex than vanilla gradient
descent.
From an optimization perspective, a distinguishing feature
of these algorithms is that, in addition to the usual step-size
requirements of gradient descent, there is new consideration
in tuning the parameters of the procedure, arising from the
dynamical nature of the underlying model. Namely, in this
problem it is necessary to approximate derivatives, and in
the algorithm considered, the approximation is a dynamical
process taking place alongside the usual parameter update
step of gradient descent. The new consideration is to properly
calibrate the relative timescale or “rate of activity” between
derivative estimation and parameter changes.
We assume a strong convergence property on the underlying dynamics f . It should be differentiable in x with a
constant 0 ≤ β < 1 such that k ∂f
∂x k ≤ β for all (x, w) ∈
X × W . Then as a consequence of contraction mapping
theorem, for any starting point x0 the iterates f n (x0 , w) tend
to a point x∗ (w) that depends only on w; this x∗ (w) is the
unique solution to x∗ (w) = f (x∗ (w), w).
Given an objective function e : X → R, one obtains the
optimization problem:
Starting from w0 ∈ W , find a local minimum of (e ◦ x∗ )(w)
We will motivate the algorithm by first considering how to
compute the derivative of the above function e◦x∗ . Assuming
also differentiability of f in w, one can use the chain rule
and implicit function theorem to conclude that
∂
(e ◦ x∗ )[w] = ABC
∂w
where
∂e ∗
A=
(x (w)),
∂x


B=

∂f ∗
I−
(x (w), w)
∂x

−1
,

∂f ∗
(x (w), w)
∂w
In this context, the forward and adjoint approaches to com∂
puting ∂w
(e ◦ x∗ ) differ by whether they decompose this
expression as (AB)C (adjoint) or A(BC) (forward). More
detailed derivations and comparisons of these methods can
be found elsewhere [1]. Roughly speaking, a choice is made
C=
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w
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Fig. 1. Update pattern for the adjoint-method studied in this work. (x, y)
is the state of the joint system, where x is the state of the network and
y is the state of the adjoint system. The left graph shows how (x, y) and
w are calculated at time n from their values at time n − 1. On the right
is the update pattern of the map T , showing details of how (xn , yn ) are
calculated from (xn−1 , yn−1 ).

between two hard problems - computing AB or BC. In the
adjoint approach, the computation of AB is independent of
how the dynamics are parameterized. On the other hand, the
computation of BC is independent of the objective function
begin applied to the system. In the type of problems that
motivated this work, the adjoint method seems to be cheaper,
so that will be our focus.
Using the adjoint method one can define a gradient descent
procedure where the search direction ∆wn is calculated at
each time step n as follows
∗
∗
∗
• Solve the nonlinear equation f (xn , wn ) = xn for xn

T
∗
• Solve the linear system
I − ∂f
yn∗ =
∂x (xn , wn )
for the vector yn∗

T
∂f
Define ∆wn = ∂w
(x∗n , wn ) yn∗ .
∂e
∗
∂x (xn )

•

A general implementation for solving these equations will
likely involve iterative methods. One choice is the following
map T :
!
f (x, w)


T
T ((x, y), w) =
(1)
∂f
∂e
y − ∂x
(x)
∂x (x, w)
It is easy to verify that for each parameter w ∈ W
the map T has as a fixed point the pair (x∗ (w), (I −
∂f
∗
−T ∂e
∗
∂x (x (w), w))
∂x (x (w)). With the assumptions on f
and e we will employ, one can also show that this is the
only fixed-point of T and that T converges to this point; in
short that T inherits the contraction property from f . More
details on this are given below. So far, this only specifies a
way to compute approximate derivatives. The optimization
procedure investigated alternates between iterating T , and
updating the parameter w using an approximate gradient
derived from the variables (x, y):
(xn+1 , yn+1 ) = T ((xn , yn ), wn )
T

∂f
(xn+1 , wn )
yn+1
wn+1 = wn + 
∂w

(2a)
(2b)

Figure 1 shows the (somewhat arbitrary) update pattern of
the variables x, y, w at each step of the algorithm. Other
patterns may be more appropriate depending on the setting.

The parameter to tune is the step-size . After step (2a),
if (xn+1 , yn+1 ) is close to the equilibrium point (x∗n , yn∗ ),
then the calculated search direction will be accurate. After
performing the update in step (2b), there is a new parameter
∗
wn+1 and therefore a new equilibrium point (x∗n+1 , yn+1
).
The following iteration of T , which brings (xn+1 , yn+1 )
to (xn+2 , yn+2 ) takes a step towards this new equilibrium
point. If the equilibrium has not moved very much, then
perhaps only a single iteration of T suffices to guarantee
feasibility of the next computed search direction. Intuitively,
the smaller the step-size , then the smaller the motion on
∗
the equilibrium point (x∗n+1 , yn+1
), and therefore it should
require less work (fewer applications of T ) to ensure that the
next search directions are good. This illustrates the additional
role of the step-size in such dynamic gradient approximation
schemes. Formalizing this and showing that indeed  can
be chosen small enough that some form of convergence of
the optimization procedure can be guaranteed is the main
contribution of this work.
The main result, Theorem 4.5, says that given boundedness
of the derivatives of f and e, and a uniform contraction
property on f , then one can choose  so that the algorithm
defined by equations (1) and (2) generates parameter updates
that are accurate enough for a standard convergence result
on gradient descent to be applied. It can be roughly stated
as follows:
Theorem 1.1: Assume f is uniformly contracting, with
bounded derivatives up to order 2, and that e is bounded
from below, with bounded derivatives up to order 2. Then
there are  and c such that if the initial point (x0 , y0 , w0 )
satisfies
k(x0 , y0 ) − (x∗0 , y0∗ )k ≤ c

∂f
(x0 , w0 )T y0
∂w

∂
then (e ◦ x∗ )(wn ) converges and limn→∞ ∂w
(e ◦ x∗ )(wn ) =
0.
A couple of remarks about this result. As long as the
assumptions hold, the initial condition can be verified using
only the data (x0 , y0 , w0 ) with the inequality kz0 − z0∗ k ≤
1
1−βT kT (z0 , w0 ) − z0 k from the contraction mapping principle (βT is the Lipschitz constant of T in z). Secondly, a
z0 such that kT (z0 , w0 ) − z0 k ≤ (1 − βT )ckh(z0 , w0 )k can
always be found if w0 is not a stationary point, simply by
iterating T long enough starting from an arbitrary point.
Our analysis uses basic properties of contraction mappings
and gradient descent. As shown in Proposition 4.2, the map
T is a contraction mapping under our assumptions on f
and e. We find in Section III that in order to have accurate
gradient estimates, it suffices that the iterates (xn , yn ) stay
near the equilibrium point of T (·, wn ). Then we use a result
about autonomous perturbations of contractions, Proposition
4.3, that enables us to satisfy this condition by choosing
 properly. In Section VI a numerical example on a ring
of nonlinear units is presented. Each unit has a real valued
parameter, and the goal of the optimization procedure is to
make the network have a given target vector as its stable
point.

A. Related Work
Here we highlight related work in two areas: Neural
networks and PDE-constrained optimization. In neural networks, there is a body of work on attractor networks, which
are neural networks with feedback connections that are used
in “attractor mode” in the sense that the output of interest
is the fixed-point of the network dynamics (as opposed
to a trajectory). Works that investigated optimization in
these networks started in [2],[3],[4]. The back-propagation
procedure, originally formulated as a protocol for optimizing
the parameters of a feed forward network, also “makes sense”
when cycles are present, but the analysis of the procedure
is more complicated for the reasons described above. In
particular, the work [5] formulated the “recurrent backpropagation” algorithm in essentially the form of equations (2a,
2b), as three simultaneous processes: forward propagation
(the xn ), backward propagation (the yn ), and the parameter
adaptation process (the wn ). The need to balance the relative
rates of these activities was not investigated rigorously except
in a few limited instances. Some local convergence results
were obtained in [6], [7]. Similar considerations apply in a
variety of dynamical settings for neural networks, including
stochastic models [8], [9], [10].
Often a PDE-constrained problem is transformed into a
discrete-time fixed-point optimization problem by spatial and
temporal discretization; the map f above then corresponds
to an iteration of the numerical integrator, and the parameter
of interest w determines the fixed-point of the integrator.
So called ”one-shot” methods alternate between iterating the
integrator and performing a parameter update or ”design
step”. The introduction of this method is often attributed to
[11]. It has been applied in a variety of situations, including
aerodynamics problems [12], [13]. Several recent works have
analyzed the convergence of one shot methods [14], [15].
One approach is to consider the algorithm Eqns. (2a,2b) and
to identify preconditioners, as opposed to mere step-sizes as
we do, that guarantee contractivity of the overall procedure
[16].
Perhaps the main difference between this work and previous analyses of this type of optimization procedure is that
we don’t assume any convexity, local or otherwise, of the
overall optimization problem. The main “stability” type of
assumption is that of the underlying dynamic system f .
The goal is to guarantee a convergence property about the
procedure that is independent of the initial parameter w0 and
without assuming the the problem is convex. Of course, the
conclusion is correspondingly weaker; our result guarantees
descent of the true objective e ◦ x∗ at each step, but the
long-term guarantee is typical of gradient descent without
∂
(e ◦ x∗ )(wn ) → 0, but
convexity; (e ◦ x∗ )(wn ) converges, ∂w
not convergence of wn itself. With this in mind, in a recent
work [17] the author studied a continuous-time version of the
optimization procedure defined by Eqns. (2a, 2b), where the
focus is on how to choose a time-scale or rate parameter that
guarantees convergence. This work can be seen as a discrete
time counterpart of those results.
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Fig. 2. Visualization of the angle condition for gradient descent used in
Proposition 3.1 below.

II. A SSUMPTIONS
We assume that X is a convex region in Rn , and that W is
a finite dimensional vector space. We use the 2-norm in both
X and W but note that none of below the results intrinsically
depend on the 2 norm or other inner-product norms.
The cost function e : X → R and the dynamics f : X ×
W → X should satisfy the following conditions, uniformly
for all (x, w) ∈ X × W :
Assumption 2.1 (Contraction property): There is a β ∈
[0, 1) such that k ∂f
∂x k ≤ β.
Assumption 2.2 (Other derivatives are bounded): There
∂2
∂2
∂2
∂
, ∂x
is an L such that kAf k ≤ L for A ∈ { ∂w
2 , ∂w 2 , ∂x∂w }
We make a number of assumptions on the error function
e : X → R as well.
Assumption 2.3: The function e is bounded from below
∂2
∂
, ∂x
and has kAek ≤ L for A ∈ { ∂x
2}
At times we will refer to bounds on specific derivatives. For
this we use the following notation: Lw f refers to an upper
∂f
bound on k ∂w
k, likewise for Lx e, Lx2 e, etc.
III. O PTIMIZATION CRITERIA
Here we formulate a condition which the optimization
system (2) should satisfy, so that descent of the objective
at each iteration and overall convergence of the procedure
can be guaranteed. This is a gradient based procedure and
we aim to apply the following well known result on gradient
descent with errors.
Proposition 3.1: Let E : W → R be differentiable, with
an L-Lipschitz gradient, and bounded from below. Consider
a sequence
wn+1 = wn − hn
where khn − ∂E
∂w (wn )kW ≤ αkhn kW for some α ∈
2(1−α)
[0, 12 ) and  ∈ (0, L(1+α)
2 ). Then E(wn ) converges and
∂E
(w
)
→
0.
n
∂w
Note that when there is no error in the derivatives (α = 0)
this gives the usual  < L2 requirement of gradient descent.

According to this result it suffices to show that the
sequence of hn defined by hn = h(zn+1 , wn ) =

T
∂f
(x
,
w
)
yn+1 used in the parameter updates can
n+1
n
∂w
be made to satisfy the condition
khn −

∂(g ◦ x∗ )
(wn )kW ≤ αkhn kW
∂w

(3)

by a suitable choice of α,  and initial conditions. The true
gradient occurs at h(zn∗ , wn ) where zn∗ is the fixed point of
T (·, wn ). If one defines a vector norm on Z = X × Rn and
shows that h is an Lz h-Lipschitz function of z = (x, y), for
some Lz h, then a sufficient condition for inequality (3) is
kzn+1 − zn∗ kZ ≤

α
kh(zn+1 , wn )kW
Lz h

(4)

We will show that this property can be maintained over
each iteration by a suitable choice of , α, and corresponding
conditions on the initial point (x0 , y0 ).
IV. T IME - SCALE SELECTION
First we formalize that the adjoint system y inherits the
stability of the forward system x. This is a well known
fact in sensitivity analysis. We present here perhaps a novel
way of quantifying it. It is shown that the joint dynamics,
consisting of the forward and adjoint systems, is contracting
on a subspace of X × Rn , in a norm k · kZ defined by
bounds on the various derivatives of f and e. Specifically, it
is a hierarchy of contractions, a situation addressed by the
following proposition:
Proposition 4.1: Let X, Y be metric spaces. Let f : X →
X be a βf -contraction. Let
 g : X ×Y → Y have the property
dY g(x1 , y1 ), g(x2 , y2 ) ≤ βg dY (y1 , y2 )+(Lx g)dX (x1 , x2 )
for any two points (x1 , y1 ) and (x2 , y2 ) of X × Y , where
0 ≤ βg < 1, and Lx g ≥ 0. Let p1 , p2 be positive
numbers such that βf + pp21 Lx g < 1. Then the function
h(x, y) = (f (x), g(x,
 y)) is a βh -contraction in the metric
dZ (x1 , y1 ), (x2 , y2 ) = p1 dX (x1 , x2 ) + p2 dY (y1 , y2 ) on
X × Y , where βh = max{βf + pp12 Lx g, βg }.
Proof: Let (x1 , y1 ) and (x2 , y2 ) be any two points of
X × Y . By definition of h and d we have

dZ h(x1 , y1 ), h(x2 , y2 )


= p1 dX f (x1 ), f (x2 ) + p2 dY g(x1 , y1 ), g(x2 , y2 )
Using the assumptions on f and g, this is upper bounded by


≤ βf + pp21 Lx g p1 dX (x1 , x2 ) + βg p2 dY (y1 , y2 )
n
o

≤ max βf + pp21 Lx g, βg dZ (x1 , y1 ), (x2 , y2 )

k=

(Lx2 f )(Lx e)
1−β

+ Lx2 e. Then the map T defined by
!
f (x, w)
T
T ((x, y), w) =  ∂f
∂e
(x)
y + ∂x
∂x (x, w)

is a contraction mapping with rate βT in the norm k · kZ
on the set Z where βT = β + pp21 k, k(x, y)kZ = p1 kxkX +
Lx e
)
p2 kykX , and Z = X × Bn ( 1−β
Lx e
Proof: Set Y = Bn ( 1−β ) and let g : X × Y → Y
∂e
T
be the function g(x, y) = ∂f
∂x (x, w) y + ∂x (x). By the
assumption on f and e it is clear that g(Z) ⊆ Y , so that g is
∂g
well-defined. Additionally, it is evident that k ∂y
(x, y)k =
∂f
k ∂x (x, y)k ≤ β. Next, whenever (x, y) ∈ Z we have
∂g
Lx e
(x, y)k ≤ (Lx2 f ) 1−β
+ Lx2 e. These two inequalities
k ∂x
imply kg(x1 , y1 ) − g(x2 , y2 )k ≤ βky1 − y2 k + (Lx g)kx1 −
(L f )(L e)
x2 k, for Lx g = x21−β x + Lx2 e. Then apply Proposition
4.1 for the pair (f, g) to obtain the result.
This next result regards autonomous perturbations of contractions. It assumes a discrete time system consisting of
two components: A contracting system x and a ”parameter” system w. The system alternates between iterating
the contraction and taking a step of the parameter process.
For simplicity we first assume that multiple contraction
steps are taken each time. The result gives conditions so
that the distance to equilibrium of the contracting system
kzn+1 − zn∗ k remains bounded by the disturbance to the
parameter controlling the fixed-point, kwn+1 − wn k. It uses
a bound on the Lipschitz constant of the fixed-point of a
Lw T
contraction. One such bound is K = 1−β
where βT is
T
the Lipschitz constant of T in z and Lw T is the Lipschitz
constant of T in w.
Proposition 4.3: Let z0 , w0 be given and consider the
sequence
zn+1 = T m (zn , wn )
wn+1 = wn + h(zn+1 , wn )
where T has Lipschitz constants βT < 1 in x and h has
Lipschitz constants Lz h and Lw h in z and w respectively.
If kz0 − z0∗ kZ ≤ ckh(z0 , w0 )kW then for all n ≥ 0,
kzn+1 − zn∗ kZ ≤ ckh(zn+1 , wn )kW
whenever , c and m satisfy the following:
There are some α1 , α2 < 1 such that
c=

α1
,
2Lz h

Proposition 4.2: Let f, e satisfy (2.1, 2.2), and (2.3). Let
p1 , p2 be any positive numbers such that β + pp21 k < 1 where

α2 (1 − α1 )
2(Lz h)K + Lw h

and m is large enough so that
βTm ≤

In the next proposition the above is applied to the function
T defined in (1) describing the joint dynamics. The closed
ball of radius r centered at the origin in Rn is denoted Bn (r).

=

(1 − α1 )(1 − α2 )c
c + K

where K is a Lipschitz constant for z ∗ .
Proof: For n = 0, we show that if kz0 − z0∗ kZ ≤
ckh(z0 , w0 )kW then kz1 − z0∗ kZ ≤ ckh(z1 , w0 )kW . Using
the contraction property and assumption on z0 we have
kz1 − z0∗ kZ ≤ βTm ckh(z0 , w0 )kW

(5)

Using the Lipschitz property we get
kh(z0 , w0 )kW ≤ kh(z1 , w0 )kW + (Lz h)kz0 − z1 kZ

(6)

The distance between the iterates z0 and z1 satisfies

c + K ≤

kz0 − z1 kZ ≤ kz0 − z0∗ kZ + kz0∗ − z1 kZ
≤ 2ckh(z0 , w0 )kW
≤

βTm c
kz1 − z0∗ kZ ≤
kh(z1 , w0 )kW ≤ ckh(z1 , w0 )kW
1 − 2(Lz h)c
The last inequality follows from the fact that 1 − 2(Lz h)c =
1 − α1 , and that
βTm
c
≤ (1 − α2 )
<1
1 − α1
c + K
This concludes the case n = 0.
∗
For n ≥ 1, assume kzn − zn−1
kZ ≤ ckh(zn , wn−1 )kW .
Using the contraction property we obtain
kzn+1 − zn∗ kZ ≤ βTm kzn − zn∗ kZ

(7)

By the assumption on zn and the Lipschitz property of z ∗ ,
∗
∗
kzn − zn∗ kZ ≤ kzn − zn−1
kZ + kzn−1
− zn∗ kZ

≤ (c + K)kh(zn , wn−1 )kW

(8)
(9)

Applying both Lipschitz properties of h one obtains
kh(zn , wn−1 )kW ≤ kh(zn+1 , wn )kW

(10)

+ (Lz h)kzn − zn+1 kZ

(11)

+ (Lw h)kh(zn , wn−1 )kW

(12)

For kzn − zn+1 kZ we have, as in the base case,
kzn − zn+1 kZ ≤ 2kzn∗ − zn kZ

(13)

Combining (13) with (9) and (12) we have
kh(zn , wn−1 )kW ≤

kh(zn+1 , wn )kW
(14)
1 − 2(Lz h)(c + K) − (Lw h)

Applying (7), (9) and (14),
βTm (c + K)kh(zn+1 , wn )kW
1 − 2(Lz h)(c + K) − (Lw h)
β m (c + K)kh(zn+1 , wn )kW
= T
(1 − α1 )(1 − α2 )
≤ ckh(zn+1 , wn )kW

kzn+1 − zn∗ kZ ≤

The last two steps follow by the assumption on c,  and m.
An inspection of the requirements on  and c shows that if
they are chosen to be small enough, then only one step (m =
1) of the contraction is required to maintain the invariant.
Corollary 4.4: If  and c are defined as in Proposition 4.3
then a single step (m = 1) suffices to maintain the invariant
if α1 , α2 satisfy the additional constraints
α 1 < 1 − βT ,

α2 ≤

α1 (1 − α1 − βT )
βT + α1 (1 − α1 − βT )

α1 + α2 (1 − α1 )
2Lz h

Therefore it suffices that
α1 + α2 (1 − α1 )
βT
≤ α1
(1 − α1 )(1 − α2 )

≤ (1 + βTm )ckh(z0 , w0 )kW
Combining this with (6) we have kh(z0 , w0 )kW
kh(z1 ,w0 )k
1−2(Lz h)c . Then applying (5),

Proof: Based on the proof of Proposition 4.3, we will
βT (c+K)
show (1−α
≤ c Note that
1 )(1−α2 )

After some manipulations, this is seen to be equivalent to
α2 ≤

α1 (1 − α1 − βT )
βT + α1 (1 − α1 − βT )

Choose α1 < 1 − βT to avoid the trivial constraint α2 = 0.
We collect these results into the main statement about the
algorithm defined by equations (2). The above result is combined with the result about approximate gradient descent to
get initial conditions and a step-size that guarantee gradient
convergence.
Theorem 4.5: Under the assumptions (2.1, 2.2), and (2.3)
there is some choice of constants (c, ) and a norm k · kZ so
that if z0 = (x0 , y0 ) satisfies kz0 − z0∗ kZ ≤ ckh(z0 , w0 )kW
then the sequence of wn generated by (2), starting from
the point (x0 , y0 , w0 ) has the property that (e ◦ x∗ )(wn )
∂
(e ◦ x∗ )(wn ) → 0
converges and ∂w
Proof: Let k · kZ be a norm on X × Rn satisfying the
conditions of Proposition 4.2.
By assumption on the derivatives of f and e, the function
∂f
h : Z × W → W where h((x, y), w) = ∂w
(x, w)T y is a
Lipschitz function of z, with some Lipschitz constant Lz h.
Additionally, by those assumptions the function z ∗ , which
gives the fixed-point of T (·, w), is also a Lipschitz function.
∂
Since ∂w
(e◦x∗ )(w) = h(z ∗ (w)), we can conclude that e◦x∗
has a Lipschitz gradient.
According to the gradient descent result Proposition 3.1,
and the ensuing remarks, for all α < 12 there is a step-size
(α) so that, if the {zn } satisfy kzn+1 − zn∗ k ≤ Lαz h khn k,
then convergence will be guaranteed when  ≤ (α).
According to Corollary 4.4, there is a pair c, 0 , with
1−β
c < 2L
so that kzn+1 − zn∗ k ≤ ckh(zn+1 , wn )k for all n,
zh
whenever kz0 − z0∗ k ≤ ckh(z0 , w0 )k, and a step-size  ≤ 0
is used.
Therefore it suffices to use the pair (c, min{0 , (cLz h)})
V. S TEP - SIZE AND INITIAL CONDITION CONSTRAINTS
In this section we sketch out how to compute a sufficient
choice of , the norm k(x, y)kZ = p1 kxk + p2 kyk, and c,
based on the given bounds on derivatives of f and e. Assume
the following:
• Dx f ≤ β, Dw f ≤ Lw f
• Dx2 f ≤ Lx2 f, Dw2 f ≤ Lw2 f, Dx,w f ≤ Lx,w f
• Dx e ≤ Lx e, Dx2 e ≤ Lx2 e
First, p1 , p2 and a βT may be computed according to
Proposition 4.2:
Lx e
• Define My = 1−β
.

Here S : R → R was taken to be S = sin, and with the
convention that xi−1 = xn for i = 1. The weights v ∈ R30
are fixed during optimization, and were chosen as follows.
Each vi , which is the weight on the connection from i to it’s
predecessor, was chosen uniformly at random from the set
{−β, β} where β = 34 .
B. Contraction property

Fig. 3. A ring network was used for experiments. The network activity
proceeds along the solid arrows while the adjoint system flows in the
opposite direction.

• Define Lx Ty = (Lx2 f )My + (Lx2 e)
• Choose p1 , p2 be such that β + pp21 (Lx Ty ) < 1
• Define k(x, y)kZ = p1 kxk + p2 kyk.
• Define βT = β + pp21 (Lx Ty ).
The norm k · kZ just defined should be used to verify the
initial condition.
To compute , c we need Lipschitz constants
Lw T, Lw h, Lz h and Lw T ∗ . The following choices suffice,
and can be verified using the definitions of k · kZ and the
assumptions on f and e.
• Define Lw h = (Lw2 f )My
(L
f )M
• Define Lz h = max{ x,wp1 y , Lpw2f }
• Define Lw T = p1 (Lw f ) + p2 (Lx,w f )My .
Lw T
• Define Lw T ∗ = 1−β
T
Now we can compute c, ; according to the proof of Theorem 4.5, these should satisfy both Proposition 4.3 and the
requirements of gradient descent.
• Choose α1 < 1 − βT .
1 (1−α1 −βT )
• Define α2 = βTα+α
.
1 (1−α1 −βT )
α1
• Define c = 2(Lz h)
•
•
•
•

α2 (1−α1 )
P C = 2(Lz h)(L
.
∗
w T )+Lw h
Lw2 E = (Lz h)(Lw T ∗ )

Define
Define
Define the function GD (α) = (L 2(1−α)
2.
w2 E)(1+α)
Use the above c, and take  = min{GD (α1 /2), P C }.
VI. N UMERICAL E XPERIMENTS

We applied the above procedure to optimize the fixedpoint of a network of nonlinear units. The units form a ring,
each unit having one real valued parameter bi . Initially the
network has a stable point x∗ (b) and the goal is to adapt
the parameter vector b so that a target vector t becomes the
stable point.
A. Network dynamics
The network was made up of n = 30 units with the
dynamics of the i’th given by
fi (x, b) = vi S(xi−1 ) + bi

(15)

There is a simple condition for the network dynamics (15)
to be contracting. If S has bounded derivative, |S 0 | ≤ M ,
1
.
then f is a contraction mapping in the 2-norm if kvk∞ < M
In the case of S = sin, it suffices that kvk∞ < 1. Hence
with β = 34 as above, f is a contraction. Importantly, this
sufficient condition is independent of b, the parameter that
is being optimized.
C. Optimization problem
A target vector t ∈ R30 was generated randomly. Each
component ti was sampled from a normal distribution with
mean 0 and unit variance. The error function e was
e(x) =

30
X

a(xi − ti )

i=1

where a is the smooth absolute-value-like function a(u) =
log( 21 (exp(u)+exp(−u))). Therefore the optimization problem is
min e(x) subject to x = f (x, b)
b

D. Step-size
For this problem the computation of the constants is
somewhat simpler than the general case; one can use for
the Lipschitz constants
Lx f = β,
Lb2 f = 0,

Lb f = 1

Lx,b f = 0,

Lx e = 30,

Lx2 f = β

Lx2 e = 1

Given this, we can use the results of Section V to compute
a k · kZ , c, and  that enable the application of Theorem 4.5.
No serious attempt was made to explore the possible choices
of p1 , p2 and α1 , which are variables in the recipe of Section
V. Using the choice p1 = 1, p2 = 0.2 ∗ (1.0 − β)/(Lx T y) ≈
0.0005 yields a βT of 0.8; Then α1 was chosen to be 0.5 ∗
(1.0 − βT ). The final value of the step-size  is on the order
of 10−6 and c is near 10−5 . Not surprisingly, the numerical
experiments showed that this choice of step-size was very
conservative.
E. Initialization
The initial parameter b was selected randomly as well;
bi was sampled from a normal distribution with mean 0
and variance 1. The initial point (x0 , y0 ) was obtained as
(x0 , y0 ) = T 100 (0, 0). That is, T was iterated 100 times
starting from (0, 0) before optimization was started.

Error trajectories
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After obtaining the initial point (x0 , y0 ), the optimization
process (the dynamics on the bn ) begins. For completeness,
the algorithm takes the following form with this choice of f
and e:
i
xin+1 = vi S(xi−1
n ) + bn

=
=

0

vi+1 S (xin )yni+1
i
bin − yn+1

(16a)
+

tanh(xin

i

−t )

(16b)
(16c)
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VII. C ONCLUSION
In this work we investigated conditions under which a distributed optimization procedure based on adjoint sensitivity
analysis satisfies a convergence property. The requirements
we gave, which concern the step size and initial condition,
are based on bounds on the various derivatives of the system
f and error function e. Furthermore, the conditions can be
satisfied whenever these derivatives are bounded and when
the underlying system is uniformly contracting.
Currently, the update pattern (see Figure 1) leaves a strong
mark in the main part of the analysis (Proposition 4.3).
However there are several other reasonable update patterns
one could use. An argument that is somehow independent of
this choice may be more insightful.
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Fig. 4.
Error trajectories for different step-sizes  using the one-step
method. Each row corresponds to a different choice of step-size and the
column indicates the iteration. The color indicates the approximate error at
that step of optimization.
Error trajectories
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Step size

We ran the algorithm several times with varying values of
. The results exhibit the usual behavior of gradient descent.
When the step-size is very small, the objective function is
decreasing but very slowly. Then comes an interval where
the decrease happens rapidly and the function values seem
to converge. When the step size gets too large, the process
is characterized by a rapid initial decrease followed by
oscillations.
With the initial data {(x0 , y0 ), w0 } we performed optimization, as specified by (16), with values of  =
0.005, 0.01, 0.015, . . . , 0.2. The (approximate) trajectory of
the error e(x∗n ) as optimization progressed was recorded and
is plotted Figure 4. For instance, the first row in that figure
shows how the error decreases as optimization progresses,
when a stepsize of  = 0.005 is used. In subsequent rows
the step-size is increased by a constant amount ∆ = 0.005
in each experiment, while the underlying problem and initial
state remains the same. Near a step-size  = 0.10 the procedure begins to lose stability. When using such large stepsizes, optimization starts out working well but eventually
exhibits oscillations. It seems to be reflective of the need
to use more accurate gradients near a local minimum, a
requirement expressed in Proposition 3.1 on gradient descent.
For comparison, we ran the same algorithm but where
accurate gradients are used instead of the one-step update
procedure. This was achieved by iterating T 10 times between each parameter update, instead of once. The results of
this are plotted in Figure 5. When using accurate gradients,
we did not notice oscillations in the function values during
optimization until the step-sizes got significantly larger than
 = 0.2.
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Fig. 5. Error trajectories for different step-sizes , when very accurate
gradient estimates are used. The procedure is more stable at large step-sizes
but this requires more time spent approximating gradients.

Secondly, there is also the question of how to optimally
select the parameters of the procedure, namely the step-size
. As shown above, using bounds on the derivatives of f and
e one can calculate a sufficient  in terms of these quantities,
in a tedious but straightforward way. We did not investigate
what is the optimal way to do so, but it may be crucial
in complex problems in order to guarantee descent of the
overall error.
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